We study the vanishing cycles on the Milnor fibre of a holomorphic map germ whose components are in involution. We show under assumptions given in the text, that the Milnor fibre is 2(n−k)-connected where k is the number of components of the map. Next, we prove that the vanishing cycles freely generate the homology group of rank 2(n − k) + 1. Finally, we show that variation operator exists and that it is an isomorphism.
Introduction
The local Picard-Lefschetz theory studies the vanishing cycles associated to a holomorphic map germ f : (C m , 0) −→ (C k , 0) with a particular emphasis on the cases of hypersurfaces, i.e., for k = 1 ([7, 10, 11] ). In most of the cases studied, it is assumed that the zero fibre of the map germ f is a complete intersection germ with an isolated singular point. Now, let us assume that the space C m is a symplectic space and that the components of the map f = (f 1 , . . . , f k ) are in involution ,i.e.,
Here q, p denote Darboux coordinates on the space C m = C 2n = {(q, p)}. A representative of the map f may generically have fibres with a non isolated singular locus. For instance, we take n = 4, k = 2, f 1 = p 1 q 1 , f 2 = p 2 and denote by V 0 the fibre at the origin of a representative of the map germ f = (f 1 , f 2 ). In a neighbourhood of the origin, the variety V 0 is analytically equivalent to the product of the plane curve Γ = V 0 ∩ {q 2 = 0} by an open subset of C. The singular locus of the variety V 0 is one dimensional. The singular point of the curve Γ propagates in the surface V 0 along the Hamiltonian vector field associated to f 2 . This example is stable in the sense that any deformation of the map germ f whose components are in involution leaves the analytical type of the singular fibration germ given by f unchanged ( [4] ).
As shown in this example, the appearance of non-isolated singularities for involutive mappings is reflected by the topology of their Milnor fibre. This topology is drastically different from that of isolated complete intersection singularities. In such a case, by the classical results of Milnor and Hamm ([6, 10] ), the Milnor fibre of the germ f : (C 4 , 0) −→ (C 2 , 0) would have been homeomorphic to a bouquet of 2-dimensional spheres while it is homeomorphic to a circle. Now, let us denote by V a Milnor fibre of a map germ f : (C 2n , 0) −→ (C k , 0) whose components are in involution. Under the pyramidality assumption which will be given in Subsection 2.1 and the assumption that the generic singular fibres have Morse transverse singular locus, we will prove that (1) the variety V is 2(n − k)-connected, (2) the vanishing homology group H 2(n−k)+1 (V ) is freely generated by the vanishing cycles, (3) the variation operator V ar : H 2(n−k)+1 (V, ∂V ) −→ H 2(n−k)+1 (V ) is an isomorphism. Here and in the sequel, the homology groups are taken with Z-coefficients.
1. The Milnor fibre of a complete intersection mapping 1.1. Standard representatives. Let us fix some conventions. A holomorphic map germ f : (C m , 0) −→ (C k , 0) will be called a complete intersection mapping if its fibre above the origin is a reduced complete intersection germ. Holomorphic functions on a compact subset K ⊂ C m are defined by induc-
A subvariety with boundary M ⊂ C m will be called complex analytic if its interior is a complex analytic variety and if at the boundary M is locally the transverse intersection of a complex analytic variety with a closed ball. In particular the boundary of a complex analytic variety is a real analytic variety. We denote by B ε the ball of radius ε in C m centred at the origin. The boundary of the ball B ε is a sphere that we denote by S ε .
is a representative of the germ f above a polydisk T satisfying the following conditions (1) the morphismf is the restriction of a Stein morphism of the ball B ε ⊂ C m to a compact neighbourhood of g −1 (0), (2) there exists a Whitney stratification of the varietyf −1 (0) such that the spheres S tε ⊂ C m are transverse to its strata, (3) there exists a monotone continuous function r : [0, 1] −→ R n >0 , r(0) = 0, and closed polydisks (D t ), t ∈]0, 1] centred at the origin in C k of polyradii r(t) such that T = D 1 and above D t the smooth fibres of g are transverse to the spheres S tε . Remark 1. Any complete intersection mapping f admits representatives satisfying the conditions (1) and (2) of the above definition. This follows from standard properties of Whitney stratifications [15] (see also [12] ). Moreover, if fibre of the germ f above the origin has an isolated singular locus then f admits standard representatives ([6, 10]).
1.2.
A relative hyperplane section theorem. The following proposition is a variant of the Lefschetz hyperplane section theorem for complex analytic manifolds with boundary (in the sense defined in the preceding subsection). Proof. The proof repeats the one given by Thom for the standard hyperplane section theorem (see e.g. [3] ). Define the function h :
A critical value of h, say ε ∈ R, corresponds to a complex number t with modulus √ ε such that the hyperplane u −1 (t) is tangent to V .
The Kupka-Smale theorem implies that there exists an arbitrary small perturbationh of h such that (see [1] and references therein):
(1) the functionh is a Morse function, i.e., at any critical point z the quadratic form d 2h (z) is non-degenerate and all critical values are distinct, (2) the gradient flow ofh gives a cellular decomposition of V \ (V ∩ P ). At a critical point, the index ofh is at least equal to the dimension of V . Moreover, at the points of the boundary of V , the restriction of u to V is a submersion. Thus, the gradient of h (and therefore that ofh if it is sufficiently close to h), is transversal to the boundary of V . The fundamental theorem of Morse theory implies that the manifold V is obtained from V ∩ P by adding cells of dimension at least equal to that of V (see e.g. [3, 9] ). This shows that the pair
The intersection of a cell of dimension j with the boundary of V is a cell of dimension j − 1. Therefore the variety V is obtained from ∂(V ∩ P ) by attaching cells of dimension at least dim V − 1. Therefore, the pair (∂V, ∂(V ∩ P )) is (m − k − 2)-connected. 
Proof. Let us denote by Ω ⊂ (C m ) ∨ the set of linear forms such that (1) the polar Γ relative to f is a reduced variety of dimension k, (2) the intersection multiplicity (Γ.V 0 ) at the origin of Γ with the fibre V 0 off above the origin is finite. The set Ω is a Zariski open subset ( [12] , section 4, Proposition 1). The second condition above implies that, in a sufficiently small neighbourhood of the origin, the polar Γ and the special fibre V 0 intersect only at the origin. Therefore, the fibres off : M −→ T do not intersect the boundary of the polar Γ above a sufficiently small neighbourhood of the origin T u ⊂ T . The intersection points of the polar Γ with a smooth fibre off are the critical points of the restriction of u to V . Therefore, for any regular value t of u restricted to a smooth fibre V off above T u , the triple (V, u, t) fulfills the conditions of Theorem 1. Proof. If s = 0 then the results follows from the fact that the fibre of f is homotopic to a bouquet of m − k dimensional spheres ( [6, 10] ). Assume that s is positive. Proposition 1 implies that we can chose a linear mapping u = (u 1 , . . . , u s ) : C m −→ C s , a smooth fibre V off and a vector t = (t 1 , . . . , t s ) ∈ C s such that:
(1) the intersection of the vector space P 0 = {u = 0} with the singular locus of V 0 is reduced to the origin, (2) for any k ∈ {1, . . . , s − 1}, the triple consisting of the manifold V k = V ∩ {u 1 = t 1 , . . . , u k = t k }, the linear form u k+1 and the complex number t k+1 satisfy the conditions of the relative hyperplane section theorem (Theorem 1). As the fibre above the origin of the map germ (f, u) is a complete intersection germ with an isolated singular locus, the manifold V ∩ P s is homotopic to a bouquet of spheres of dimension (m − s − k) ([6, 10]). In particular, the
The relative hyperplane section theorem (Theorem 1) implies that the pair
Pyramidal involutive maps
2.1. Existence of a standard representative in the pyramidal case. Let us now consider the case where M is the closure of a domain in the complex symplectic manifold C 2n with complex Darboux coordinates (q, p). We assume that the boundary of M is sufficiently regular so that M is a complex analytic manifold in the sense of Subsection 1.1. We use the standard notation for the Poisson bracket
The proof of the following proposition is straightforward.
be the germ of an involutive map with a non vanishing differential at the origin. There exist biholomorphic maps ϕ :
where j denotes the rank of df (0).
With Thom ([13] ), for a given holomorphic mapf : M −→ T ; we consider the set C j (f ) ⊂ M where the differential off is of rank j.
The closure of C k−1 (f ) where k = dim T , is a complex subspace of M called the critical locus off . Its image under the mapf is called the discriminant off . The points of the discriminant are called the critical values off .
The following definition is a variant of the notion of transversal isolated singularity.
According to Proposition 2, the map germ f is pyramidal provided that there exist ϕ, ψ, g like in the proposition such that the origin is either a regular point or an isolated critical point of the map germ g.
In particular, if k = 1 then f is either a submersion or a map germ with an isolated critical point at the origin. If x is a smooth point of the fibre V 0 , then the assertion follows from the second condition of Definition 1 and from the fact that transversality is an open condition. Now, assume that x is a singular point of V 0 . The pyramidality assumption implies that at any point of the stratum of x, the tangent space is generated by the Hamiltonian fields of the components off . Therefore, the tangent space at x is the limit of the tangent spaces to the smooth fibres.
(Take a vector v x tangent at x to the strata of x. The pyramidality assumption implies that there exist a 1 , . . . , a n ∈ C such that v x = a i X i (x) where X i is the Hamiltonian field associated to f i . The vector field a i X i is globally defined on M and it is tangent to the fibres off .) The assertion follows once again from the openness of the transversality condition. Fix t ∈]0, 1] and denote by r(t, x) the distance of 0 tof (U x ). Denote by D t ⊂ T the ball of radius r(t) = inf {r(t, x) : x ∈ ∂V 0 }. The restriction off above D 1 is a standard representative of the germ f . Denote by Σ the discriminant off . Let g : M ′ −→ T ′ be the restriction of the mapf above D 1 \ (Σ ∩ D 1 ). We stratify the map g by cutting M ′ into two strata, one being the interior of M ′ and the other one the boundary of M ′ . We have shown that the pyramidality assumption implies that (1) the existence of a standard representative of f , (2) the map g satisfies Thom' s (a f ) condition ([14] ). Therefore, Thom's second isotopy lemma applied to the map g shows that it defines a locally trivial topological fibration [14] (see also [5] ). This concludes the proof of the proposition.
The topological fibration defined by a standard representative of an involutive pyramidal map germ f : (C 2n , 0) −→ (C k , 0) will be called the Milnor fibration of f .
2.2.
Connexity of the Milnor fibre. Despite of its simplicity, the following theorem is the key property for the study of vanishing cycles of involutive varieties. It shows the difference between the study of general complete intersections and the one defined by involutive maps.
Theorem 2. The Milnor fibre of an involutive pyramidal map germ
Proof. Letf : M −→ T be a standard representative of the germ f . Proposition 2 implies that the singular locus of the variety V 0 = {f = 0} is of dimension at most k − 1. Therefore, the corollary to the relative Lefschetz hyperplane section theorem (Corollary 1 to Theorem 1) implies that the Milnor fibre off is N -connected with N = 2n − (k − 1) − k − 1 = 2(n − k). This proves the theorem. We conjecture that for any involutive pyramidal map germ f there exists a deformation of f whose unfolding satisfies both conditions. In case n = 1 such a deformation is given, for instance, by the versal unfolding.
Quadratic critical points.

2.4.
Vanishing cycles for isolated complete intersection singularities. We recall the classical construction for vanishing cycles in the context of complete intersections with an isolated singular locus. Consider a commutative diagram of holomorphic map germs
where the map π is a surjective linear mapping and the map germs g and G are isolated complete intersection mappings. For a fixed map g, this condition is generic, i.e., the set of linear maps π for which the map G = π • g is an isolated complete intersection mapping is a Zariski open subset in Hom C (C k , C k−1 ). We chose standard representativesḡ,Ḡ for the germs g, G such thatḠ = π•ḡ and denote by ε, z respective regular values ofḡ andḠ. We fix a set of paths in L = π −1 (z) connecting the critical value ε to the points of intersection of L with the discriminant of g. Along each of these paths some cycles of real dimension (m − k) vanish when we approach the critical value. The exact sequence of the pair (ḡ −1 (ε),Ḡ −1 (z)) shows that the collection of all these vanishing cycles generate the reduced homology group of the manifoldḡ −1 (ε) ([6, 10]).
Pyramidal chains.
In order to construct the vanishing cycles for a standard representative of a pyramidal involutive map, we need the following elementary proposition. Proof. Letf be a standard representative of the map germ f . Denote byZ the analytic subvariety of Hom C (C k , C k−1 ) × M for which the map p • f is not pyramidal at x. Denote by C the critical locus off and Z the projection ofZ in Hom C (C k , C k−1 ). The projections on the first and second factor give a diagram
The pyramidality assumption implies that above a point of C \ {0}, the varietyZ projects to a variety of positive codimension. Moreover Z is the closure of Z \ π 2 • π −1 1 (0); it is therefore of positive codimension. This proves the lemma. For the second assumption to hold, it is sufficient to chose the linear forms so that the vector space P 0 intersects transversally the strata of the origin in V 0 .
Let us now assume that the mapf fulfills the conditions (M1) and (M2) of Subsection 2.3. The fibre above the origin of the map germ (f, u) : (C 2n , 0) −→ (C k × C s , 0), u = (u 1 , . . . , u s ), is the germ of a complete intersection with an isolated singularity; the Milnor fibre of which is the intersection of a Milnor fibre V of f with an affine plane P . According to Proposition 4, we may chose a linear map π : C k −→ C k−1 such thatF = π•f is pyramidal. This map extends to a mapπ : C k ×C s −→ C k−1 × C s which is trivial on the second factor. According to Subsection 2.4, we construct a standard basis of vanishing cycles γ 1 , . . . , γ µ for the map germ (f, u) using the diagram (C m , 0)
The cycles γ 1 , . . . , γ µ generate the homology group
The discriminant of the map (f , u) has two components. One of the components is the preimage of the discriminant off under the projection on the first factor C k × C s −→ C k . The other component correspond to regular values off . This divides the vanishing cycles of (f, u) into two classes. The cycles corresponding to regular values off lie obviously in the kernel of the map ξ. At a critical value off several distinct cycles may vanish, we chose arbitrarily one of them. We denote γ 1 , . . . , γ l the vanishing cycles of V ∩ P obtained in this way. The numbers l and µ are respectively equal to the multiplicities of the discriminant of f and (f, u) at the origin.
Definition 5. A collection of cycles γ 1 , . . . , γ l constructed as above is called a basis of vanishing cycles of the Milnor fibre V associated to the pyramidal involutive map germ f : (C 2n , 0) −→ (C k , 0).
We chose the representativef of f in a polydisk of sufficiently large polyradii r, for instance r = (3, 3, . . . , 3) . The discriminant off is the union of the two disks {s 1 = 0, |s 2 | ≤ 3} ∪ {s 2 = 0, |s 1 | ≤ 3}. The Milnor fibre V = {p 2 1 + q 2 1 = 1, p 2 2 + q 2 = 1} off is a deformation retract of its real part; it is therefore diffeomorphic to the 2-torus S 1 × S 1 . The hyperplane section of V : 1, 0) . The line L = {s 1 + s 2 = 2, s 3 = 0} intersects the discriminant of (f , u) in the three points ε 1 = (2, 0, 0), ε 2 = (0, 2, 0) and ν = (1, 1, 0) . The point ν projects to a regular value off ; therefore the associated vanishing cycle lies in the kernel of the map ξ, i.e., it is a coboundary in V . At each ε i , there are two vanishing cycles corresponding to the critical points (±1, ∓1, 0, 0) and (0, 0, ±1, ∓1) off . We chose arbitrarily one cycle at each critical point. The basis of vanishing cycles consists of two cycles lying on the curve V ∩ P . The homology classes of these cycles generate the first homology group of V ≈ S 1 × S 1 . Example 5. The previous example can be generalised as follows. Let g = (g 1 , . . . , g n ) : (C 2n , 0) −→ (C n , 0) be the map germ defined by g i = p i q i . denote by R : C n −→ C k a surjective linear map. The Milnor fibre of the pyramidal involutive map f = Rg : (C 2n , 0) −→ (C k , 0) is 2(n − k)-connected and its Betti number b 2(n−k)+1 equals the binomial coefficient n k − 1 .
3. Proof of the main theorem (Theorem 3).
We use the notation of Subsection 2.6.
Lemma. Two vanishing cycles α, β of V ∩P which vanish at the same critical value are mapped -up to a sign-to identical homology classes in the group
Proof. Let us denote by ∆ ⊂ M the singular locus of the singular fibre V z =f −1 (z), z ∈ L ∩ Σ at which the cycles α, β vanish. The lemma is a local property in a neighbourhood of ∆. The assumptions (M1) and (M2) imply respectively that the variety ∆ is smooth of dimension k − 1 and connected. The pyramidality assumption implies that the tangent space to ∆ at any point is generated by the Hamiltonian fields associated to the component of involutive mapf . The cycles α, β vanish at different critical points say x, x ′ ∈ V z having the same critical value z, i.e.,f (x) =f (x ′ ) = z. We chose k − 1 components off whose Hamiltonian fields X 1 , . . . , X k−1 generate the tangent spaces to ∆ in a neighbourhood U ⊂ M of x ∈ ∆. Let us first consider the case where x ′ ∈ U . We denote the flow at time t ∈ C of the Hamiltonian field X i by ϕ t i : Ω −→ U . We chose a domain Ω so that the map
, is biholomorphic, i.e., it gives a local parameterisation of ∆ in the neighbourhood U of the point x. Chose a path γ ⊂ Ω whose image C x,x ′ joins the points x and x ′ . The pyramidality assumption implies that the real C ∞ vector field X = Φ * γ belongs to the C ∞ (U )-module generated by the X i 's. Thus, it extends to a C ∞ vector field (that we denote by the same name) defined in a tubular neighbourhood of C x,x ′ ⊂ M . The flow of X maps the homology class of α to that of ±β. This proves the lemma in case x and x ′ are sufficiently close. In the general case, we cut the path C x,x ′ joining x to x ′ into small pieces and apply the previous method to each of the pieces.
We use the notations of Subsection 2.6. Denote by G ⊂ H 2(n−k)+1 (V ∩ P ) the subgroup generated by the cycles γ 1 , . . . , γ l .
The previous lemma and the relative hyperplane section theorem (Theorem 1) imply that the inclusion V ∩ P ⊂ V induces a surjective map
Therefore the vanishing cycles generate the group H 2(n−k)+1 (V ). It remains to prove that they do not satisfy any non trivial relation.
Denote by A ⊂ M a Milnor fibre of the involutive pyramidal map π •f so that V ⊂ A (if k = 1 we take A = M ). Here π : C k −→ C k−1 denotes a linear map which is generic in the sense of Proposition 4. The main point is that the complex manifold A is 2(n − k) + 2-connected (Theorem 2). Let us consider the exact sequence of the couple (A, V ):
The maps ν andη are defined as follows.
The assumption (M1) implies thatD i ∩ P is a disjoint union of closed balls of dimension 2(n − k) + 2. Each of the vanishing cycles γ 1 , . . . , γ l generating the group G is homotopic to the boundary of one of these balls. We denote by C 1 , . . . , C l , C i ⊂D i ∩ P , a choice of such balls. The maps ν andη send an element of the free group generated by the C i 's to its homology class. The theorem is equivalent to stating that the mappingη is an isomorphism. As the map η is surjective; the mapη is also surjective; therefore it remains to prove that it is injective. The matrix of the mapη is diagonal in the basis defined by the C i 's and their images. Therefore it remains to prove that for any i = 1, . . . , l the image of C i generates a free subgroup (isomorphic to Z). This follows from the fact that the volume of the C i 's is non zero. Indeed, denoting by α = n i=1 p i dq i the action form, Stokes formula implies the equality
thus for any n ∈ Z, the homology class of n∂C i in H 2(n−k)+1 (V ) is non zero. The isomorphism H 2(n−k)+1 (V ) ≃ H 2(n−k)+2 (A, V ) implies in turn that the class of nC i in H 2(n−k)+2 (D i , V i ) ⊂ H 2(n−k)+2 (A, V ) is non zero. This proves that the mapη is an isomorphism and concludes the proof of the theorem. like in Subsection 2.6. Let L ⊂ C k × C s be the preimage under π of a regular value (ε 0 , s 0 ) of the map π •f . Denote by σ a path along the circle L ∩ (T × {s 0 }) ≈ S 1 turning counterclockwise. As the singular fibre of (f, u) has an isolated singular point at the origin, the path σ lifts to a homeomorphism h of the manifold V ∩ P uniquely defined up to isotopy (see e.g. [8] ). We define the variation operator by According to Theorem 3, we may chose a basis of vanishing cycles whose classes freely generate the group H 2(n−k)+1 (V ). Take for H 2(n−k)+1 (V, ∂V ) the dual basis to this basis. In these basis, the Picard-Lefschetz formula implies that the variation operator is triangular with diagonal elements equal to 1 or −1 (see e.g. [2] , Chapitre I, section 2.5). This proves the result.
